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Chapter 24 - Inequalities

Solving inequalities

a < b means ‘a is less than &’
a = b means ‘a is less than or equal to »’
a = b means ‘a is greater than »’

a = b means ‘a is greater than or equal to b’

Expressions involving these signs are called inequalities.

\

Example 24.1

Question
Find the integer values of x that satisfy each of these inequalities.

a 3<x=-] b 1=x<4

Solution

a If-3<x=-1, thenx=-2or-1. Mote that -3 is not included,
but -1 is.

b If1=x<4 thenx=1,2or 3. MNote that 1 is included, but
4 is not.

\

In equations, if you always do the same thing to both sides, the equation still has the same solution.

The same is usually true for inequalities, but there is one important exception. If you multiply or divide an
inequality by a negative number, you must reverse the inequality sign.

Example 24.2

Question

Solve each of these inequalities and show the selution on a number line.
a 3x+4<10

b 2x-5=4-3x

€ x+4<3x-2

L=
| | T T "‘\

Solution T
a 3x+4<10 -2 - 0 1 2
3x<6 Subtract 4 from both sides. x<2
x<2 Divide both sides by 3. ghe cpen dot shows

FOCUS

change < to > (when dividing by -2).

b 2x-5=4-3x T T | T 31
2x=9-3x  Add 5 to both sides. -2 A 0 1 2
= ides. x=18
5x=9 Add 3xto bol.h sides The dlosed dot shows
x=18 Divide both sides by 5. that 1.8 is included.
€ x+4<3x-2
x<3x-6 Subtract 4 from both sides. T —— I X
-2x< -6 Subtract 3x from both sides. 0 2 4 6
x>3 Divide both sides by -2 and x>3
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Example 24.3 \

Question
Solve this inequality and show the solution on a number line.

5<2x-1=10
Solution
5<2x-1=10 I ? I | * T Ll
6<2x=11 Add 1 to each part of the inequality. 2 3 4 2 6
\3 <x=55 Divide each part of the inequality by 2. 3<x=355

Showing regions on graphs

It is often possible to show the region on a graph that satisfies an inequality.

An inequality involving the signs < or > is represented on a graph using
a dashed line.

An inequality involving the signs = or = is represented by a solid line.

Example 24.4 \

Question Solution

Write down the inequality that describes the region a x<-2

shaded in each graph. The line is dashed, so the

a ¥ b n inequality is either x < =2 or x> -2,
4 4-/ ydxel2 Ch?ose any point in the shaded
3 3- region, for example, (-3, 0).

-3 = =2, so the region represents

|
|
2] Substitute for x in the inequality.
|
|
|
|

= x<=2.
X

T T :.-K [ T 1 T 0 T T T T
43211123 4 4-F-2-1,1 12 3 4 _
| b y=x+2
i 2 =24 The line is solid, so the inequality is
! =34 =31 eithery=x+2ory=x+2.
I 4

Choose any point in the shaded
region, for example, (0, 3).

Substitute for x and y.

3 = 0 + 2, so the region represents
y=x+2
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Example 24.5

Question
On separate grids, shade each of these regions.
a y=2 b y<2x-3
Solution
a Draw the solid line y = 2. i_ﬁ
Choose a point on one side of the line, for example, (0, 0). 3
Substitute into the inequality. >
D = 2 1
Since this is not a true statement, (0, 0) is not in the required region. —Te T T
“4-3-2-170 1 2 3 4x
2
-3
_4_
b Draw the dashed line y = 2x - 3. Y
Choose a point on one side of the line, for example, (3, 0). 3 y=23—3(,.
Substitute into the inequality. o /
0<2x3-3 14
0<3 432 -'II'{ 172 3 4%
Since this is a true statement, (3, 0) is in the required region. . ’;’
_3;,*
Note \ -4
When testing a point, if possible use (0, 0). F;—E--
If the line goes through (0, 0), choose a point with positive 4565
coordinates, for example (1, 0), to test in the inequality.
“
Representing regions satisfying more than one inequality
When you represent a region that satisfies
more than one inequality, it is often better Example 24.6 \

to shade the region that does not satisfy
the inequality; the region that does satisfy
the inequality is left unshaded.

Several inequalities can be represented on
the same axes and the region where the
values of x and y satisfy all of them can be
found.

\is left unshaded. It is labelled R. 2 4 6 87"

Question
Draw a set of axes and label them from 0 to 8 for both x and y.
Show, by shading, the region where x =0, y = O and x + 2y = 8.

Solution
First, draw the line x + 2y = 8. yf
Then, shade the regions x <0, y< 0 and x + 2y > 8. .

These are the regions where the values

of x and y do not satisfy the inequalities. 4 X+2y=8
The required region, where the values 21 R

of x and y satisfy all three inequalities, )




Key points \

® ‘g< b’ means ‘g is less than b".
‘o = b’ means ‘o is less than or equal to b'.
‘a = b' means ‘g is greater than b'.
‘a = b’ means ‘g is greater than or equal to b".

® [nequalities can be treated like equations, except when multiplying or
dividing by a negative number. Then, you must reverse the symbol,
since, for example, 3 < 5 but -3 > -5.

& An inequality in y and/or x, involving = or = is represented by a
region on a coordinate grid bounded by a solid line.

® An inequality in y and/or x, involving < or > is represented by a region
on a coordinate grid bounded by a dashed line.

e Civen an inequality, the region it represents can be found by:
O drawing the appropriate straight line, solid or dashed
O using a coordinate point on one side of the line to determine which

is the required region.

® Civen a region on a coordinate grid, the inequality it represents can
be found by:
o finding the equation of the line which is the boundary
O using a coordinate point on one side of the line to determine the

direction of the inequality

O including an equals sign in the inequality if the line is solid.

® Given more than one inequality, the region which satisfies them all
can be found by shading the region not satisfied by each inequality.
The part of the grid left unshaded is the required region.

® Given a region on a coordinate grid bounded by straight lines, the
inequalities it represents can be found by finding the inequality
represented by each line separately.
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Example 24.7 \ Solution \
. First, choose any point inside the region, such as (0, 0).
Question . . . .
Substitute the x- and y-values into each equation to determine the

List the three inequalities that define the shaded region in the diagram. direction of the inequality sign.

¥ y=4 0=4 solid line, so equals with so, y=4

54 the inequality

y=4 ; y=2x-3 0=0-3 dotted line, so no equals 50, y>2x-3
4 - with the inequality
. x+y=-1 0+0=-1 solidline, so equals 50, x+y=-]
3 4 with the inequality
/; The three inequalities arey = 4, y> 2x -3, x + y = -1
3 L b
= 4
S ¥y F2x-[3
1
£
L
+
L

1 B2 M0 ;o 3 4 5%

1

#)
’
2 £
i
’
i

3

.r’ + ¥ 3 -1

.

5
\ >
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Chapter 25 - Sequences

Number patterns

Here is a number pattern.
§] 11 16 21 26 3l
You can see that, to get from one number to the next, vou add 5.
Here is another number pattern.
| 2 4 8 16 32
To get from one number to the next this time you multiply by 2.
x 2 x 2 x 2 x 2 x 2
.Y V. V. Y
1 2 4 8 16 32

Number patterns like these are called sequences.

The rule for finding the next number in a sequence from the previous one is
called the term-to-term rule.

Example 25.1 \

Question

Find the term-to-term rule for each of these sequences and give the
next number.

a 1 4 7 10 13 16
b 63 56 49 42 35 28
¢ 1000000 100000 10000 1000 100

Solution
a To get from one number to the next you add 3.
+3 +3 +3 +3 +3 +3
1 4 7 10 13 16
The next numberis 16 + 3 =19,
b To get from one number to the next you subtract 7,
7 7 7 7 7 7
AT AT AT AT AT R
63 56 49 42 35 28

The next number is 28 - 7 = 21.

¢ To get from one number to the next you divide by 10.
+10 +10 +10 +10 =10
Y
1000000 100000 10000 1000 100

The next number is 100 = 10 = 10.

N,

In the sequences in the next example, some of the numbers are missing.

FOCUS

It is possible to work out what they should be by looking at the numbers in the sequence and working out how to

get from one number to the next.
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Example 25.2 \

Question

Find the missing numbers in each of these sequences.
a 10 17 O O 38 45

b 35 0o 23 17 O 5

c [J 15 ] 23 27 31

Solution
a The term-to-term rule is ‘add 7.

+ 7 + 7 + 7 + 7 + 7
e Y

10 17 38 45

So the first missing number is 17 + 7 = 24,
The second missing number is 24 + 7 = 31.
b The term-to-term rule is ‘subtract 6".
6 6 6 6 6
RN Y Y Y
35 23 17 5

So the first missing number is 35 - 6 = 29,
The second missing numberis 17 - 6 = 11.
¢ The term-to-term rule is ‘add 4.

+ 4 + 4 + 4 +4 + 4
.Y Y Y Y
15 23 27 31

To get to the previous number, you must subtract 4.
So the first missing number is 15 - 4 = 11.
You find the second missing number by adding 4 in the usual way.

S The second missing numberis 15 + 4 = 19.

Linear sequences

Look at this sequence.

2,58, 11, 14, ...

The terms of the sequence increase by 3 each time.

When the increase is constant like this, the sequence is called a linear sequence.
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In the same way, the sequence 11,9, 7, 5, 3, 1, —1, ... is also linear, since the

terms decrease by the same amount (2) each time.

Another way of thinking of this is that you are adding —2 each time.

This idea will help with finding the nth term.

The nth term

It is often possible to find a formula to give the terms of a sequence.

Question

The formula for the nth term of a sequence is 2n + 1. Find each of
these terms.

a u, b u Uy

Solution

a w=2x1+1=3
b u,=2x2+1=5
€ uU=2x3+41=7
Y

Example 25.3 \

Note

You usually use n to stand
for the number of a term
and u, for the nth term.

Finding the formula for the nth term

Look back at the formulas in Exercise 25.3 questions 1-20 and the sequences in your This will always work

answers and notice how they are connected.

All the sequences in questions 1-20 are linear. If the formula contains the expression 2n,
the terms increase by 2 each time. If it contains the expression 5n, the terms increase by

5 each time.

Note \

if the differences are
constant.

The difference between
terms in a linear sequence
is always constant.

Similarly, if it contains the expression —3n, the terms increase by -3 (or decrease by 3) each time.

So, to find a formula for the nth term of a given sequence, find how much more (or less) each term is than the one

before it.

Question

Find the formula for the nth term of this sequence.
35709,..

Solution

The difference between each term is 2, so the formula will include the
expression 2n.

Whenn=1,2n=2.

But the first term of the sequence is 3, which is 1 more.

So the formula for the nth term of this sequence is 2n + 1.

\

Example 25.4 \

You can also use algebra to find the formula for the nth term. The nth term can be written as Tnor un.
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Example 25.5 \

Question

Find the formula for the nth term of this sequence.
20,17,14, 1, ...

Solution
As the difference between the terms is constant, this is a linear sequence.

The general formula for the nth term of a linear sequence is \

T,=an+b. Note
T, =20 so 20=a+b Note \ Check that your formula

T,=17 so 17 = 2a + b Notice the similarity for the nth term is correct

between this and the by trying it out for the
equation of a straight first few terms. Substitute

Solving the simultaneous equations gives

a=-3and h=23 line, y = mx + c. n=1,2,3, .., into your
SoT,=23-3n . formula.
\ N\

The nth term of quadratic, cubic and exponential sequences

This is the sequence of square numbers.

12 2r 3 42 5 "
Ll ! ! !
1 4 9 16 25 n?

This is the sequence of cube numbers.

12y 3 4 53 n
Ll l l l
1 8 27 64 125 n'
This is an exponential sequence.

3t 3 3 34 3 3n
Ll ! ! !
39 27 81 243 3n

You can find the formula for the nth term of a quadratic, cubic or exponential sequence by comparing the sequence
with the sequence of square numbers, cube numbers or exponential numbers.
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Example 25.6 \

Question
Find the formula for the nth term of this cubic sequence.

-1 6 25 62 123

Solution

Compare the given sequence with the sequence of cube numbers.
1 8 27 64 125 n’

-2 2 |2 |2 l-2 1-2

=1 6 25 62 123 =2

Motice that every term is 2 smaller than the corresponding term in the
sequence of cube numbers.

.\50 the formula is n® - 2.

Example 25.7 \

Question

Find the formula for the nth term of this quadratic sequence.
8 13 20 29 40
. >

Solution \

Since this is a quadratic sequence, use T_=an? + bn + c.

B=a+b+c

.ﬂ'=1
n=2 13=4d4a+2b+c h5=3u+b
n=73 20=%9%a+3b+c L‘* 7=5a+b Lz=2a

a=1
Substitute a=1 5=3+bh
b=2
Substitute a=1,b=2
B=1+2+c
c=5

Sothat T,=n>+2n+5

10
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Example 25.8 \

Question

The nth term of a sequence is found using the formula u, = An? + 8"
u; =3 and u; = 8.

Find us.

Solution

Substitute for n =1 and n = 2 in the formula.
3=A+8B (1)

8 =44 + B (2)

Solve the simultaneous equations.

12 =4A+ 4B (1) x4

8=4A+ B
4 =48 - B? Subtract.
B?-4B+4 =0 Solve the quadratic equation. Note \
(B-22=0 Remember
0 a-2 e
Substituting in equation (1) gives A= 1. substituting in
So u,=n?+ 20 the formula.
u;=32423=9+8=17 N\
A

Key points \

® The term-to-term rule for a sequence of numbers can be used to find
the terms of a sequence.

& A linear sequence increases or decreases by a fixed value.

® The formula for the nth term of a sequence can be used to find every
term in the sequence by substituting values for n. The first term is
found using n =1, the second term using n = 2, and so on.

® The formula for the nth term of a linear sequence has the form an + b,
where a is the fixed value by which the sequence is changing from
term to term and b is an integer to be found.

¢ Other sequences include quadratic (for example, n?), cubic (for
example, n*) and exponential (for example, 2 sequences.

¢ The formula for the nth term of a non-linear sequence can be
found by using a general formula for that sequence. For a quadratic
sequence, use T, = an’ + bn + ¢ and substitute n=1and T,, n= 2 and
T,, n=3 and T, Solve the simultaneous equations to find @, b and c.

\

11
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Revision questions
Find the integer values that satisfy the inequality 2 < 2x < 10.

Solve the inequalityn + 7 < 5n — 8.

w

Solve theinequality 3m +12<8m —5.

4 Solve the inequality 3(x —2) < 7(x +2).

Inasequence

Find

* The nthterm of asequenceis 60— 8n.

Find the largest numberin this sequence.

7.

Hereis a sequence of numbers.
7,5 31, -1,.

Find an expression for the nth term of this sequence.

12
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8.

1 3 4 7 11

3 4 7 117 18°

i) Oneterm of this sequenceis ‘;%) .

Find, in terms of p and ¢, the next termin this sequence.
i) Findthe é6thterm of this sequence.

These are the first five terms of a sequence.

1 3
2 4
Find the next term.

7 13 2t
6

10.

The nth term of a sequenceis given by an? + bn where a and b are integers.

The 2nd term of the sequenceis —2
The 4th term of the sequenceis 12

Find the 6th term of the sequence.

11.
Sequence | Istterm | 2ndterm | 3rdterm | 4thterm | 5thterm nth term
A 13 9 5 1
B 0 7 26 63
c 2 T T RS U
8 16 32 64

Complete the table for the three sequences.

13
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12.

The table shows the first five terms of sequence A and sequence B.

Term 1 2 3 4 5 6
Sequence A 7 13 23 37 55
Sequence B 1 3 9 27 81

Complete the table for the 6th term of each sequence.

13.

The firstfourterms u , u,,u,, andu ina sequence of numbers are given by

u 1x2+ 32

1 11

If2=2><3+42=22

zf3=3x4+52=37

I{4=4X5+62=56.

Evaluate Ug.

14.

Asequence hasnthterm2n?+5n—15.

Find the difference between the 4th term and the 5th term of this sequence.

14



