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Conversion graphs

A conversion graph can be used to convert quantities from one unit to another.
They are often used to convert between different currencies.

Example 27.1 \
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Note

Conversion graphs will only give
approximate values. If you know the
conversion rate, then you can find a
more accurate answer by calculation.

Question
The exchange rate between pounds and dollars is £1 = $1.60.
a Draw a conversion graph for pounds to dollars.
b Use your graph to convert
i £30to dollars ii  $150 to pounds.
Solution b i Reading from the graph, £30 = §48 \
a As£1 is equivalent to $1.60, then £100 is equivalent to $160. This is an estimated value.
Draw a straight line from (0, 0) to (100, 160). The line meets the axis between $45 and $50, closer to $50 so it
Label each axis with the currency. is estimated at $48.
y ii Reading from the graph, $150 = £94
175 o .
This is an estimated value.
150 The line meets the axis between £92 and £94, but very close to
£94, so the answer is given correct to the nearest pound.
125 - h Y
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Example 27.2
. A
Question 6 -

Lalith ran the first 3 kilometres to school at a
speed of 12km/h.

She then waited 5 minutes for her friend.

They walked the last 2 kilometres to school together,
taking 20 minutes.

Draw a graph to show Lalith’s journey.

Solution

It takes 15 minutes to run 3 kilometres at 12km/h,

so the first part of the graph is a straight line from

the origin to (15, 3).

The second part of the graph is horizontal from (15, 3)
to (20, 3) as Lalith is not moving for 5 minutes.

The final part of the journey covers a further 2 kilometres
in 20 minutes, so is a straight line from (20, 3) to (40, 5).
This assumes that they walk at a constant speed.

\

Distance from Lalith's home (km)
Lad
1

I 1
0 5 10 15 20 25 30 35 40 45 50
Tirme after leaving home (mins)
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Rate of change on a distance—time graph

The gradient of a graph is a measure of its steepness or rate of change.
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For this distance—time graph

. change in distance
gradient = —————
change in time

15 metres
20 secounds

= (.75 metres per second

The units of the gradient in this case are metres per second or m/s. The gradient gives the speed of the object.
The graph is a straight line, so the object is moving with a constant speed of 0.75 m/s.

If the distance—time graph is not a straight line, then the speed of the object is changing.
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The graph is curving upwards, so the speed is increasing. You can estimate the speed of the object at a given time
by drawing a line which touches the curve at that point. This is called a tangent.

You then calculate the gradient of the tangent to the curve at that point
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The gradient of the tangent to the curve at time 10 seconds gives the speed
of the object after 10 seconds.

change in distance
change in time

gradient =

B 30 metres

15 seconds
= 2 metres per second

The speed of the object after 10 seconds is 2m/s.

Example 27.3 \

Question
This distance-time graph shows Manijit's journey from his home to a meeting.

40?1

Meeting -
304

204

Distance (km)

104

o
T

Home-0 : - T T '
0800 0830 0900 0930 1000 1030 1100

Time

a Work out Manijit's speed, in kilometres per hour, for each stage of the journey.
b Sketch a speed—time graph for Manjit's journey.

Solution
a The graph is made up of five straight-line segments.
Each of these lines represents a stage with a constant speed. Note
To work out the speed, find the gradient of the line. The question asks for the
_ 10km speed in kilometres per
From 0800 to 08 30, speed = 05 hours — 20km/h hour so you must use

the correct units in the

From 0830 to 0845, the line is horizontal, so Manjit is not moving. , )
gradient calculation.

From 0845 to 0930, speed = (2> 1OKM _ 554 /h You must convert 30
0.75 hours .
o . L , minutes to 0.5 hours and
From 0930 to 1000, the line is horizontal, so Manijit is not moving. 45 minutes to 0.75 hours
From 1000 to 1045, speed = 35=25KM _ 13 33 ym/h \
0.75 hours
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b The speed—-time graph is made up of five horizontal line segments. \
f Note \
20 This is a sketch of the
situation, because the
15 actual speed would not
'Fg —— change instantaneously
= i from 20km/h to Okm/h,
T 10+ for example.
a4
o b
w
5
U l_rI I I 1 I |
080D 0830 0900 0930 1000 1030 1100

Time

N\

Rate of change on a speed—time graph

This speed—time graph shows the speed of an object during a given time period.

A
25

20
15
10 A
5 ]
0

Speed (m/s)

Time (s}
The gradient of the graph represents the rate of change of speed with time. The graph is a straight line, so the
speed is changing at a constant rate.

il

gradient = 20
0s

The rate of change of speed with time is the acceleration of the object.
The units of acceleration in this case are metres per second squared or m/s?.

If the speed-time graph is not a straight line, then the acceleration is changing.

Time (s)
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The graph is curving downwards, so the acceleration is decreasing. You can estimate the acceleration of the object
at a given time by calculating the gradient of the tangent to the curve at that point.

The gradient of the tangent to the curve at time 7.5 seconds gives the speed of the object after 7.5 seconds.

change in speed

gradient = —
change in time

12m/s
| 8 seconds

= 0.67 m/s* correct to 2 decimal places

The acceleration of the object after 7.5 seconds is 0.67 m/s?.

Example 27.4 \

Question
The speed—time graph shows part of a car’s journey.

A

L
Lh
1

Speed (m/s)

ﬂ I
20 50 75

Time (s)
a Work out the acceleration, in m/s?, for each stage of this journey.

b Calculate the speed of the car after 60 seconds.

Solution

a The graph is made up of three straight-line segments.
Each of these lines represents a stage with constant acceleration.
To work out the acceleration, find the gradient of the line. Note

35m/s _ 4 26 my/s2. When the accelerat!on
Os is negative, the car is
From 20 to 50 seconds, the speed is constant, so acceleration = 0 m/s?. slowing down.

From O to 20 seconds, acceleration =

From 50 to 75 seconds, acceleration = % =-1.4m/s2, Ir:]nec?m:::v:s igecs:i:it;ﬂ;:.
b You know that the speed of the car is 35m/s after 50 seconds. You can say that from 50

After this the car is decelerating at 1.4 m/s% ;Od?esc :E:—g?i::; éﬁ Tr:'u?sazs

In 10 seconds, the speed will decrease by 10 x 1.4 = 14m/s. \ ' ’

After 60 seconds, the speed is 35 - 14 =21 m/s.
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Area under a speed—time graph
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The distance travelled by an object moving at 30 m/s for 20 seconds can be found using the formula

distance = speed x time.

Distance = 30 x 20 = 600 metres

This is the speed—time graph for an object moving with a constant speed of 30 m/s for 20 seconds.

L.
r

£ 30
o 204
210
V" -
0 1 L
5 10 15 20
Time (s)

The blue rectangle is the area under the graph. The area of the rectangle is 30 x 20 = 600.

The units of the area in this case are metres per second x seconds = metres.

So the area under the graph represents 600 metres. This is the distance travelled by the object.

The area under a speed-time graph gives the distance travelled by the

object in that time.

~N

Example 27.5

Question
The speed-time graph shows part of a car’s journey.

35 fmmmmm

Speed (m/s)

20 50 75
Time (s)

Calculate the distance travelled by the car in these 75 seconds.

Solution

The area under the graph gives the distance travelled.

The area can be found by adding the areas of two triangles and a rectangle.
Distance travelled = area of triangle A + area of rectangle B + area of
triangle C

=%><20><35+30><3S+%><25><35

=1837.5 metres

Key points

~

Conversion graphs can be used to convert from one unit to another.
Travel graphs represent distance against time and show a journey.
The rate of change or slope of the line represents the speed. If the
line is not straight, the rate of change can be estimated by drawing a
tangent at the point.

The rate of change on a speed-time graph represents the
acceleration.

The area under a speed-time graph gives the distance travelled.

\
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28. GRAPHS OF FUNCTIONS

Quadratic graphs

FOCUS

Quadratic graphs are graphs of equations of the form y = ax’ + bx + ¢, where
a, b and ¢ are constants, and b and ¢ may be zero.

When the graph of a quadratic equation is drawn, it produces a curve called a parabola.

Example 28.1

Question
values of x from -2 to 4.

x and from =5 to 5 for y.

Label the axes from -2 to 4 for

a Draw the graph of y = x2- 2x -3 for

b Find the values of x for which y = 0.

Note

Sometimes a table will be
given with only the two
rows for the x and y values.

You may find it useful to
include all the rows and
then just add the correct
rows to get the values of y.

%

Solution
@ x 2(-1] of 1| 2| 3| 4
x2 L 1 0 1 4 91 16
-2x 41 2| 0 2 4| -6 8
-3 313 3 3 3 3 3
y=x?-2x-3| 5| 0|-3|-4|-3| 0| 5

smooth curve.
Label the curve.

This is when x = =1 or x= 3.

by =0 when the curve crosses the x-axis.

Vi
54
Yo=K 2xo3
T T |
-3 - 0 1 ? 3 4 X
-5

To find the value of y, add together the values in rows 2, 3 and 4.
Now plot the points (-2, 5), (-1, 0), and so on. Join them with a

Note

Practise drawing
smooth curves.
Keep your pencil
on the paper.
Make the curve
a thin single line.
Look ahead to
the next point
as you draw the
line. Keep your
hand inside the
curve by turning

the paper.
N\

Note \

Complete a table of values
to work out the points.
Make your own table if
needed.

A common error is to include
the value in the x-row when
adding to find y, so separate

\this row off clearly.
Note N

If you find that you have
two equal lowest (or
highest) values for y, the
curve will go below (or
above) that value.

To find the y-value
between the equal values,
find the value of x halfway
between the two points.
Substitute to find the
corresponding value of .

Note \

In question 2, to find the
value of y, rows 3 and 4
are added.

Note

An extra point at

for question 7.

x = 2.5 might be useful

N\

\

Note

Mote that in some
guestions, the values of

y are not in pairs, so the
lowest point is not exactly
halfway between two of
the given points.
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Using graphs to solve equations
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One way of finding solutions to quadratic equations is to draw and use a graph.

Example 28.2

Question

a Draw the graph of y = x* - 2x - 8 for
values of x from -3 to 5.

b Solve the equation x> - 2x -8 = 0.
c Solve the equation x? — 2x—8 = 5.

N

Note

The solutions of an

equation are also called
the roots of the equation.

Solution

a X 3 2 | 0 1 2 3 4 5
x2 9 4 | 0 l 4 9 16 25
-2x 6 1 2 0 2 4 6 8 10
-8 B 8 8 B 8 B B 8 B

y=x2-2x 7 0 5 8 9 8 5 0 7
-8
Ly

LN

iR amy

|

>

\

¢ The solution of x2 — 2x — 8 = 5 is when y = 5.

b The solution of x* - 2x — 8 = 0 is when y = 0, where the curve
cuts the x-axis. The solution is x = -2 or x = 4.

Draw the line y = 5 on your graph and read off the values of x where
the curve cuts the line.

The solution is x = -2.7 or x = 4.7, to 1 decimal place.

~N

FOCUS

Sometimes you may have drawn a quadratic graph and then need to solve an equation that is different from the
graph you have drawn. Rather than drawing another graph, it may be possible to rearrange the equation to obtain

the one you have drawn.
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Example 28.3

Question
a Draw the graph of y = 2x? — x - 3 for values of x between -3 and 4.
b Use this graph to solve these equations.

i 2x2-x-3=6 i 2% —x=x+5
Solution
a YA
15—
=242 —x-3
10
5 y=6

5
b i Tosolve 2x2 - x - 3 = 6 you draw the line y = 6 on your graph.
At the points of intersection of the line and the curve, y = 6 and 242 - x - 3 and therefore

252 - x-3=6.
The curve and line cross at approximately x = -1.9 and x = 2.4,

i To solve 2x? — x = x + 5 you must rearrange the equation so that you have 2x? - x - 3 on the
left-hand side.

You do this by subtracting 3 from both sides.

2x2—x=x+5

252 - x-3=x+2

Now draw the line y = x + 2 on your graph.

The points where the line and the curve intersect are the solution to 2x? — x = x + 5.

The curve and line cross at approximately x =-1.2 and x = 2.2.
“\

Cubic graphs

Cubic graphs are graphs of equations of the form

y=ax'+ b’ +ex+d

where a, b, ¢ and d are constants, and b, ¢ and d may be zero.

10
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Question
a Draw the graph of y = x3 for values of x from -3 to 3.
Label the x-axis from =3 to 3 and the y-axis from =30 to 30.
b Use your graph to solve the equation x* = 12. Give your answer to 1 decimal place.

Solution

a
X 3 2.5 2 [B ] 1 2 25 3

y=x3 27 15.625 8 Lo 1 & | 15625 27

The outside points are a long way apart, so plotting the values for x= 2.5 and x = -2.5 helps with the
drawing of the curve.

b To solve x* = 12, you need to draw the line y = 12 on your graph and find where it intersects the curve.
The solution is x = 2.3, to 1 decimal place.

¥
30+

Y=t
20
y=112

-20-

—3p-

N\

Example 28.4 \

The curve goes from bottom left to top right and has a ‘double bend’ in the middle.

All cubic curves with a positive x3 term have a similar shape.

If the x3term is negative the curve goes from top left to bottom right.

Example 28.5

Question

a Draw the graph of y = x3 — 2x for values of x from -2 to 2.
Label the x-axis from -2 to 2 and the y-axis from -4 to 4.

b Use the graph to find the roots of the equation x* - 2x=0.
Give your answers correct to 1 decimal place.

N\

Solution

a

x I 0.5 0.5 I 4
I 0.125 0.125 I
2 1 1

1 0.875 0.875 1

-2x

e | 4 oo | b2

ol | @)@
=]

= | oo | b
b
i

y=x}-2x

y=x3=2x

It helps to see more clearly where the curve is highest and lowest T ! 0
if you work out the values of y for x=-0.5 and x = 0.5.

b To find the roots of x3 — 2x = 0, you need to find where —2
y = x3— 2x crosses y = 0, which is the x-axis.

The roots are x =-1.4 (to 1 d.p.), 0and 1.4 (to 1 d.p.).

wur ime

\

FOCUS

The shape of the curve is similar to the previous one. The -2x term makes the ‘double bend’ more pronounced.

11
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Reciprocal graphs

Reciprocal graphs are graphs of equations of the form

a

X

where « i a non-zero constant.

+94 74 213 6666
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Example 28.6

Question
Draw the graph of y =

4
T

Solution

x 4 3 2| -15 11| L5 213 4

Y=% 1 L33, 2| 2660 414|266 |2]133.. |1

You cannot use 0 as a point in this type of graph, since you cannot
divide 4 (or any other number) by 0.

Again, it is helpful to work out extra points to give a better curve.

In this case you might work out the value of y when x = -1.5 and 1.5.

It is also useful to have the same scale for both x and y in this case.
N\

All equations of this type have graphs of the same shape, with two separate branches in opposite quadrants.

Plotting points for x = 0.5 and x = 0.1 would help to show that the curve gets closer to the y-axis without ever

meeting it.

Plotting points for x = 5 and x = 6 would help to show that the curve gets closer to the x-axis without ever meeting

it

Example 28.7

Question
Draw the graph of y = X—Z)

Solution

[+
=)
=
)
=)
=
Lh

y=— 0.125 0.22... 0.5 0.88...

0.125

\

All equations of this type have graphs of the same shape, with two separate branches side by side.

Plotting points for x = 0.5 and x = 0.1 would help to show that the curve gets closer to the y-axis without ever

meeting it.

Plotting points for x = 5 and x = 6 would help to show that the curve gets closer to the x-axis without ever meeting

it.

12
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Other graphs

In reciprocal graphs, you have learned that x cannot be zero. Here is another type of graph where the value of x is
restricted:

|
vy =ax[x, or y=ax?, where a is a number.

Here, since the square of a number cannot be negative, x cannot be negative.

Example 28.8 \

Question
Draw the graph of y = 2J/x.

Solution
X 0 1 2 3 4 5 6 0.25 0.5 0.75
¥ 0 2 2.82... |346... |4 447... 4.89, . | 1.41... 1.73...

Some extra points have been added to the table to help draw the correct shape on the steep part of the
curve,

6—

0 T T T T T ™
1 2 3 4 5 &

Sometimes, different graphs that you have met may be combined in a function. You will find that the

shape can change a lot. This happens when the function includes reciprocals or roots as well as positive
integer powers of x.

\

Example 28.9 \

Question
a Complete this table for y = 5x - f Give values correct to 1 d.p. when needed.

X -3 -2 -1 -0.5 —-0.1 0.1 0.5 1 2 3
y

b Draw the graph of y=5x - Z
\ : >

13
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Solution \

-3 -2 -1 —0.5 0.1 0.1 0.5 1 2 3
-14.3 -9 -3 15 19.5 -19.5 -1.5 3 9 14.3
b
v Note
0 —— When x is near zero, the

graph is very different
from that of y = 5x. When
x is far from zero, the
reciprocal part of the
equation has much less

] effect.
2

15

-

y=5x

x|
-
1
w
X
i

A

Exponential graphs

Exponential graphs are graphs of equations of the form

v = ka*.

For the graphs that you will meet in this chapter, a is a positive integer.
Example 28.10 N\
Question

Plot a graph of y = 3" for values of x from -2 ta 3.
Use your graph to estimate
a the value of y when x=2.4 b the solution to the equation 3" = 20.

Solution
Make a table of values and plot the graph.

2 1 0 1 2 3
0011 0.333... 1 3 9 |27

a Draw the line x = 2.4 and find where it intersects the curve.

y=14.0
b Draw the line y = 20 and find where it intersects the curve.
x=27
¥
..... 30
3
(b)
20
(a);
* P X
-2 -1 3

14
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Growth and decay

In the function y = a * b*, the value « is repeatedly multiplied by the
multiplier b.

When the multiplier is larger than 1, there is growth.
When the multiplier is less than 1, there is decay.

So exponential graphs can be used to represent and interpret growth and decay.

Example 28.11 \

Question

The population of a village was 700 at the beginning of 2020.
After x years, the population P is given by this equation

P=700 = 1.05%

a What does the number 1.05 represent in this equation?

b Draw the graph of P=700 = 1.05* for x = 0 to 10.

¢ Use your graph to estimate the population at the end of June 2025.

Solution
a 1.05 =105%. The population is growing by 5% each year.
B PxTfo v 2 3 e s Je 78 o o

P |700 |735 |772 |B10 |851 |RB93 [938 (985 |1034 |1086 |1140

Ph
1200 + Note
1160 - The P-axis has been
drawn starting from 600,
not 0, so that the graph
1000 7 can be to a larger scale.
w3 © This makes values easier
900 7 to read.
800
700
600 T T T T T ™

o 2 4 6 8 10 12°

¢ Reading from the graph, when x = 5.5, P=920.
N

Estimating the gradient to a curve

increase in y
increase in x

The gradient of a curve varies. At any point, the gradient of the curve is the
gradient of the tangent to the curve at that point.

The gradient of a straight line is constant, and gradient =

So to find the gradient of a curve at a given point, first draw the tangent at the point, and then work out its
gradient. Since you cannot know whether the tangent you have drawn is completely accurate, this method only

gives an estimate of the gradient of the curve

15
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Example 28.12 ' )
P Note \
Question 104 e To draw as good a tangent
Estimate the gradient of the curve izl as possible, try to move your
y = x? at the point (2, 4). 84 ruler so you have an equal
. : amount of space between
Solution 6 : the curve and the tangent on
Plot the graph and draw a : each side of the given point.
tal‘lgent to the curve at (2,4}. 4 : When choosing two points
Gradient = increase i-n ¥ | to work out tl.-'e. gradlient of
increase in x 2 i the tangent, it is easiest to
_8-0 : make the x increase an easy
“3 . t number.
=4 ! ' \
\ 1 2 3

Key points

number by zero.

® \When drawing a graph, complete a table of values to work out the points.

¢ Draw a smooth curve. Look ahead to the next point to help you do this.

® Graphs may be used to solve equations. Rearrange the equation if necessary so that the function you
have plotted is on the left-hand side.

® Reciprocal functions have graphs with two separate branches. This is because you cannot divide any

® Exponential curves may be used to represent growth and decay problems.
s The gradient of a curve at a given point can be estimated by drawing a tangent to the curve at that
point. The gradient of the tangent is the gradient of the curve.

~N

16
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Revision questions

1.
The diagram shows part of the graphof y = x2 — 2x + 3

=V

—2 0 2 -

By drawing a suitable straight line, use your graph to find estimates for the solutions of
x2=-3x-1=0

Pisthepointonthegraphofy = x2 — 2x + 3wherex =2

Calculate an estimate for the gradient of the graph at the point P.

17
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2.

Complete the table of valuesfory = x2 —x - 6

x -3 -2 -1 0 1 2

y 6 -6

b.

draw the graphofy = x2 — x — 6 forvalues of x from-3to3

3.
Complete the table of valuesfory = x2 - 5x + 6

X 0 1 2 3 4

==}
e

¥ 6 0

b.

Onthe grid, draw the graphofy = x2 —5x + 6for0  x € 5

B

T
|
i

17
|
J=1el

WITATT L IToN T

1
|
|

]
|
11
(S I

|
|
|

1

1

[y
Eas

-V

18
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4.
Part of the graph of y = 2x2— 4x — 1 isshown onthe grid.

VA

Use the graph to find estimates for the solutions of the equation2x2 — 4x — 1 =0

Give your solutions correct to one decimal place.

By drawing a suitable straight line on the grid, find estimates for the solutions of the equation
x2-x-1=0

Show yourworking clearly.

Give your solutions correct to one decimal place.

19
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This diagram shows a sketch of the graph of y =x2+ax +5.

Find the value of a and the value of 5.

=Y

B
A 0 /
A

The diagram shows a sketch of thecurve y = x2 + 3x — 4.
Find the coordinates of the points A, Band C.

20
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i) Factorise 24 + 5x — x2.

i) Thediagram shows asketchof y = 24 + 5x — x2.

A NOT TO

/-—\ SCALE
a (0] b\ =

Work out the values of a, » and c.

On the diagram,

Sketchthe graphof y=(x —1)2.

21
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The curve y=x2-2x+1 isdrawnonagrid.

Alineis drawn onthe same grid.

The points of intersection of the line and the curve are used to solve the equation
x2=Tx+5=0.

Find the equation of thelinein the form y =mx +c.

10.

Complete the table of valuesfory = x2 — 2x

x -2 -1 0 1 2 3 4
v 3 0

b.

Onthe grid, draw the graph of y = x*> — 2x for values of x from -2 to 4

22



