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Chapter 42 - Transformations

The language of transformations

When a shape is transformed, the original shape is called the object and the new shape is called the image.

A transformation maps the object on to the image.
If the vertices of an object are labelled A, B, C, ..., the corresponding vertices of the image can be labelled A’, B, C'

Anything that stays the same when a transformation is performed is invariant.

Reflection

Reflections are carried out in mirror lines.
In a reflection, corresponding points are the same distance from the mirror line but on the opposite side.

The object and the image are congruent, but the image is reversed. Points on the mirror lines are invariant points
under a reflection.

In this diagram, the shape has been reflected in the line PQ.

Example 42.1 \
Question Solution
Reflect the trapezium in the line y= 1.  The diagram shows the reflection.

Instead of counting squares vou could ty Yy
trace the shape and the mirror line, then

. : 4 A
turn the tracing paper over and line up 3. 2
the mirror line and your tracing of it. 2] 2'
_I3 _IZ _Il]D_ i Iz I3 ‘i ISK T 10‘;
-2+ ~2]

Example 42.2 \

Question Solution

Reflect this shape in the line y= -x. The diagram shows the reflection.
y Ay Note \

When you have
drawn a reflection
in a sloping line,
check it by turning
the page so the
mirror line is
vertical. Then you
can easily see if it
has been reflected
correctly.

A

Y

3 |
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Rotation

In a rotation you turn an object about a point. The point is called the centre of rotation.
When an object is rotated, the object and its image are congruent. Unlike reflections,
when an object is rotated, the object and image are the same way round. In this
diagram, shape P has been rotated 90° anticlockwise about O.
To rotate a shape you need to know three things

e the angle of rotation

e thedirection of rotation

e the centre of rotation.

FOCUS

Example 42.3

Question 8 :’ o
A €

Rotate this shape 270° anticlockwise about O.

Solution

You can think of 2707 anticlockwise as being the same as 907 clockwise. o
You can draw the rotation by counting squares.

Als 2 squares above O so its image, A’ is 2 squares to the right.

Bis 3 squares above O so its image, B, is 3 squares to the right.

Cis 2 squares above and 2 to the right of O so its image,
' is 2 to the right and 2 below O.

D is 3 squares above and 2 to the right of O so its image, g |D
D', is 3 to the right and 2 below O. A C
Alternatively, you could do the rotation using tracing paper.

A B

Trace the shape.

O
Hold the centre of rotation still with the point of a pin or a | |
pencil and rotate the paper through a quarter-turn clockwise.

Use another pin or the point of your compasses to prick
through the corners.

Jain the pin holes to form the image.
“

Translation

= ¥

In a translation, every point on the object moves the same distance in the same direction as every other point. The

object and the image are congruent.
In this diagram, triangle A maps on to triangle B.
Each vertex of the triangle moves 6 squares to the right and 4 squares down.

i
The translation is given by the vector 6
L4
Fa
5 .

44
34
24

Note \

Take care with the
counting.

Choose a point on both
the object and the image
and count the units from
one to the other.

N\

Note

You will learn about
vectors in Chapter 43.

N\
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In an enlargement of a shape, the image is the same shape as the object, but it is larger or smaller.

The object and image are not congruent, because they are different sizes, but they are similar. An enlargement is

drawn from a given point, the centre of enlargement.

For a ‘2 times enlargement’, each point on the image must be twice as far from the centre as the corresponding
point on the object. If the centre is on the object, that point will not move and the enlargement will overlap the

original shape.

The number used to multiply the lengths for the enlargement is the scale factor.

Example 42.4

Question

Enlarge this shape by scale factor 3 with the
origin as the centre of enlargement.

¥
,ﬁ -4

5
4
3 4
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e o
o
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5 o

“

~N

Solution

Scale factor 3 means this is a '3 times
enlargement’, so each point in the image
is three times as far from the origin as the
corresponding point in the original shape.

YA
5 E

54
44
3

7
14

=

Enlargement with a fractional scale factor

The technique for drawing an enlargement with a fractional scale factor is the same as for a positive integral scale

factor. You can see how this is done in the following

FOCUS

Solution

example.
Draw lines from O to A, Band C
By counting squares, mark A" on OA so that A" is the midpoint of OA.
Sirmilarly mark B" and C" at the midpaints of OB and OC.
Example 42.5 ; \\ Join ABC".
Question 6 H i s
Draw an enlargement of 5 61
triangle ABC with centre O and 4 A 54
scale factor §. 4l A
34 ‘! ™
N 3 )}
1 2] »1', 1°
a — B 1% B o o
0 1 2 3 4 5 6 7 B «x ok 1 | S
> 0 1 2 3 4 5 & 7 8 x
“,

AB'C s the required enlargement with scale factor 1.

Check that the lengths of A8, B'C" and A'C’ are% the lengths of the

corresponding lengths on the original triangle.
N

N
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Enlargement with a negative scale factor

When the scale factor of an enlargement is negative, the image is on the opposite side of the centre of
enlargement from the object and the image is inverted.

Example 42.6 \
Question Solution
¥ Plat the centre of enlargement, O, at (3, 4).
114 Draw the line AQ and extend it. Measure the length OA and
104 mark the point A" so that 04" = 2 « OA.
9 MNote that A" is on the opposite side of O to A
8+ Or, by counting squares, O is 2 to the right and one above 4,
7 so A is 4 to the right and 2 above O.
6 Do the same for BO
54 to give point 8” and .
4. CO 1o give point C.
3 ABC'is the required 0]
24 B image of ABC. 9
14 Check that the sides 8
o of triangle AB'C” are 7
1 2 3 4 5 6 7 8 9% twice as long as the 6
corresponding sides
Enlarge triangle A with scale of triangle ABC. 5
factor -2 and centre (3, 4). 44
34
24
'|_
1 234567 8 97
“

Recognising and describing transformations

You should know how to describe fully a transformation if given the object and the image. You must first state
which type of transformation it is. Trace the object. If you have to turn it over to fit on the image, the
transformation is a reflection.

If you have to turn the tracing round but not turn it over, the transformation is a rotation. If you just slide the
tracing without turning over or turning round, the transformation is a translation.

If the object is not the same size as the image, the transformation is an enlargement. You then need to complete
the description.

The extra information required 18 shown in this table.

Transformation Extra information required
9 Note
Reflection The equation of the mirror line or a statement that it is .
e ¢ equ e c stateme When describing Tully a
the x-axis or the y-axis . .
- : single transformation, do

Rotation Angle not give a combination of
Direction transformations.
Centre

Translation Column vector

Enlargement Scale factor
Centre
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Reflection

Example 42.7 \

CQuestion

Describe fully the single transformation that maps triangle ABC on to
triangle ABC.

Solution

You can check that the transformation is a reflection by using
tracing paper.

To find the mirror line, put a ruler ¥i

between two corresponding points

(B and B') and mark a point halfway 7

between them, at (3, 3). 6| C

Repeat this for two other 5

corresponding points (Cand C7). 4 o a

The midpoint is {4, 4). 4

Join the two midpoints to find the 3 &

mirror line. The mirror line is y = x. 2 g €

The transformation is a reflection in 11

the line ¥=4i T T T T T T T -
O 123 456 7 *

Again, the result can be checked
using tracing paper.

Rotation

To find the angle of rotation, find a pair of sides that correspond in the object and the
image. Measure the angle between them.

You may need to extend both of the sides to do this. If the centre of rotation is not on
the object, its position may not be obvious.

However, you can usually find it, either by counting squares or using tracing paper.
Always remember to state whether the rotation is clockwise or anticlockwise.

FOCUS

Object

rotation

Angle af\/

Image
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Example 42.8 \
Question Vi
Describe fully the single transformation that maps flag A &
on to flag B. B
7
Solution . I;
You have Lo turn the shape round but you don't turn it 5 A
over, so the transformation is a rotation. 4
The angle is 907 clockwise. 3
You may need to make a few trials, using tracing paper
and a compass point centred on different points, to find ]
that the centre of rotation is (7, 4). 14
So the transformation that maps flag A on to flag Bis a g T T T T T T T T >
rotation of 907 clockwise, with centre of rotation (7, 4). 1T 2 3 4 5 6 7 8910 «x
“,
Translation
Example 42.9 vy \
Question 5
Describe fully the single transformation that maps 4
shape ABC on to shape AB'C. g
3
Solution 2 A& c
The shape stays the same way up and is the same 1+
size so the transformation is a translation.
Amaoves from (2, 2) to (0, -2). This is a movement -'5 -4 -3 -2 -1 ]0 | 3 4 5 6 d
of 2 to the left and 4 down. | B:
The transformation is a translation by the vector j L _2';1.' C'
L ! 34
—4
—5
“
Enlargement
Example 42.10 \
i)
Question 107
Describe fully the transformation that maps 71
a AontoB b BontoA. 1
" ? |
Solution . A

By measuring the sides you can see that shape B
is twice as big as shape A. 1
To find the centre of enlargement, you join
corresponding vertices of the two shapes and
extend them until they cross,

The point where they cross is the centre of 14

enlargement. o
T T T T T T T L] T T T T L

The centre of enlargement is (0, 2). 0 1 2 3 4 5 & 7 B 9 1011 12 13x%

a The transformation that maps shape A on to shape Bis an enlargement, scale factor 2, centre (0, 2).

b The transformation that maps shape B on to shape A is an enlargement, scale factor }-! centre (0, 2).
“,
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Combining transformations

If a transformation is followed by another transformation, the result is sometimes equivalent
to a third transformation.

Example 42.11 \

Question

Describe fully the single transformation equivalent to a rotation of 90° clockwise about the origin,
followed by a reflection in the y-axis.

L ¥
Solution o
Choose a simple shape like triangle A to start with. 44
Rotating triangle A 90° clockwise about the origin gives triangle B. 34
Reflecting triangle B in the p-axis gives triangle C. 2 E
You need to find the single transformation that will map triangle Lo

A on to triangle C.

If you trace triangle A, you will need to turn the tracing over to
fitit on to triangle C, so the transformation must be a reflection.

The mirror line is the y = —x line.

) I 1 ] I
5 4 3 -11“_

—
=]
Lot
-
=
")

2-
13
-
lg |

]

So the single transformation is a reflection in the line y = —x.

Note

Make sure you carry out the transformations in the order
stated in the guestion. It usually makes a difference.

When describing a single transformation, do not give a
combination of transformations.

FOCUS

Note \

Itis very easy Lo assume
PQ means P followed
by Q.

It does not. It means Q
followed by P.

This notation is like that
used for functions.

Example 42.12

Question 5.

E is the transformation: an enlargement, 4

scale factor 3, centre (3, 3).

T is the transformation: a translation by the vector ; ",
2 )

Describe fully the single transformation that is equivalent to

E followed by T. — T

=Y

Solution
Again, start with a simple object like triangle A.

Enlarge triangle A with scale factor 3, centre (3, 3).
This maps triangle A on to triangle B.

Then translate triangle 8 by the vector | j:_ .

This maps triangle & on to triangle C.

remains to find the centre of enlargement.

S0 the single transformation is an enlargement, scale factor 3, with centre (2, 2).
.

Clearly the equivalent transformation to E followed by T is still an enlargement with scale factor 3. It just

Draw lines through the corresponding vertices of triangle A and triangle C. These intersect at (2, 2).
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Key points

* When a shape is reflected, rotated or translated, it stays exactly the
same shape. The shape and its image are congruent.

®* |n a translation, every point on the shape moves the same distance, in
the same direction.

* |n a rotation, all the points move through the same angle about the
same centre.

* |n a reflection, each point on the shape and the corresponding point
on its image are the same distance from the mirror line, but on
opposite sides.

# When a shape is enlarged by, for example, a scale factor of 2, from
a given cenlre, each point on the enlargement will be 2 times as far
away from the centre as the corresponding point on the original
shape.

#& A shape and its enlargement are similar.

®* To find the scale factor of an enlargement, divide the length of a side
of the image by the length of the corresponding side of the object.

* Tofind the centre of enlargement, join the corresponding corners
of the two shapes with straight lines using a ruler and extend the
lines until they cross. The point where they cross is the centre of
enlargement.

# ‘When the scale factor is between 0 and 1, such as%, the image is
smaller than the object. Howewver, the transformation is still called
an enlargement.

® When the scale factor is negative, the image is on the opposite side of
the centre of enlargement from the object, and the image is inverted.

* When describing a transformation, first give the name of the
transformation. Then, give the extra information required.

* When combining transformations, make sure you carry out the
operations in the correct order.

Chapter 43 - Vectors

Vectors and translations A transformation that moves points in a given direction for a given distance is called a
translation.

The distance and direction that a shape moves in a translation can be written as a column vector. The top number
tells you how far the shape moves across, or in the x-direction.

The bottom number tells you how far the shape moves up or down, or in the y-direction
A positive top number is a move o the right.
A negative top number is a move to the left.
A positive bottom number 18 a move up.
A negative bottom number 15 a move down,

M oa
A translation of 3 1o the right and 2 down 1s writlen as [ f ]
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Example 43.1 \

CQuestion
Translate the triangle ABC by l_f'

Solution

ra l_i] means move 3 units
left and 4 units up.

A ‘Q B3
Point A moves from

. (1, =1) to (=2, 3).

Point B moves from
(2, -1) to (-1, 3).

Point C moves from
(2, =1.5) to (-1, 2.5).

| | | | | -
2| a0 |© 1 2 3 | X
=14 # q B
C
-2
“\
Example 43.2 \
Question
Describe fully the single transformation that maps shape A on to shape B.
¥
5 P
Y Note \
4 _/ Try not to confuse the words transformation
and translation.
Transformation is the general name for all
o changes made to shapes.
o Translalion is the particular transformation
2 where all points of an object move the same
B f distance in the same direction.
" L/ \
0 1 1 ] ] ] -
0 1 2 3 4 5 .
Note
Solution You must state that

It is clearly a translation as the shape stays the same way up and the same size. | the transformation is

To find the movernent, choose one point on the original shape and the a translation and give
image and count the units moved. the column vector.

For example, P moves from (1, 5) to (3, 2). This is a movement of 2 to the
right and 3 down.

The transformation is a translation of [_g]
\ \

10
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Vector notation

You have already met directed numbers; these are numbers which go in either a positive or a negative direction.
Vectors, however, can go in any direction. They have two parts, a magnitude (length) and a direction. They are very
useful for the study of motion.

Vectors are usually written in one of three ways,

® The most common nolation for a vector 18 a column vector, for example
i
H ] meaning 3 in the positive x-direction and 2 in the positive y-direction.
These are similar to coordinates, except written in a column, and they
can start anywhere (not just at the origin).

4 i i
® 4/ meaning the vector starts at 4 and finishes at B.
® a This is the algebraic form ol a vector.

Column vectors

If a vector is drawn on a grid then it

can be described by a column vector /
[

5
-1 .
“ j where x 15 the length across to

the right and y is the length ds.
¢ right and y is the length upwards /{\

In the diagram, a = [ ﬂ b = [_f]

and ¢ = |:jj

Example 43.3 \

Cluestion

Write down these column vectors.

a The vector that maps point A to point B.
—»

b The vectar CD.
—

¢ The vector DC.

Note \

A Students often make an
B errar of 1 when working
out the values for the
vector.

Take care with the

. counting.

N\

1 —
c C=

(=]

—_

11



www.focuscollege.lk +94 74 213 666 FOCUS

Example 43.4 \
Question

Find the column vector that maps (-1, 6) on to (5, 2). MNote

Solution As you can see, it is not necessary o

plot the points to do this guestion.

The x-coordinate has changed from -1 to 5 so the increase is 6.
However, you may prefer to do so.

The y-coordinate has changed from 6 to 2 so the decrease is 4.

The vector is {_fj;.
“

General vectors

A vector has both length and direction but can be in any position. The vector
—
going from 4 to B can be labelled A8 or it can be given a letter a, in bold type.

When yvou write a vector, you must indicate that the quantity is a vector in
some definite way. You can use an arrow, for example, A8, to show the vector
that goes from 4 o 8 or you can use underlining, for example, a, to show a
vector that in print is bold, a.

A o B h;—

All four lines drawn below are of equal length and go in the same direction
and they can all be called a.

Look at the diagram below.

AB=b.

E
/v.,/
A
o / F
/ 3
C / ’
H
The line CD is parallel 1o AB and twice as long so CD = 2h.

o
EF ig parallel 1o A8 and half the length so EF = —éb.

(H is parallel and equal in length to A8 but in
—>
the opposite direction so Gff = —h.



www.focuscollege.lk +94 74 213 666

Example 43.5

Question

For the diagram, write down the F
— = —> —3

vectors CD, EF, GH and PQ in terms of a.

Solution
— — T c
CD=-a, £f=3a, GH=-la, PQ=la // ¥

,

Example 43.6 \

Question

ABCD is a rectangle and E, F, G, H are the midpoints of the sides.
—

AB=aand AD =b.

A E 8
a

Th

H F

D z C

_>
Write the vectors BC, CD, AE, AH, EG, CF and FH in terms of a or b.
Solution
— —
BC=b, (D=-a AE=
LY

— — —
a AH=:=b, EG=hb, C.F:—;—b, fH=-a

il
]

Multiplying a vector by a scalar

A quantity that has magnitude but not direction is called a scalar.

Multiplying a vector by a scalar produces a vector in the same direction but
longer by a factor equal to the scalar. B

— =
If you know that A8 = kCD, you can conclude that
— —» o
® AR is parallel to CD /
— —3 A
® 4B is ktimes the length of CD. c

—  —3 }
If you know that AB = kAC and there is 8
a common point 4, you can conclude that I

® A, Band Care in a straight line

—> o
® AR is ktimes the length of AC. A

Addition and subtraction of column vectors

In the diagram, a = I::"] and b={_2]. a= 3} a
You can see that l ’ ’]"/ Q
asn=(1)+(3)=(3) b=(2) e

a

anda—h=a+{—h]=[ﬂ—(_§]=[‘l‘]. ™

13
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So, to add or subtract column vectors, you add or subtract the components.

(2)+(

o
d

)=

o ana ()= (5)=(272)

Example 43.7
Question

Givena={}} b=[1)and¢= 2], work out these.

a 2a b a+2b c

Solution

a 2a=2x(;] b a+2b=(}]+2x]|

a-b+c

-(3) ()2
d 2a+b-:=2xﬁ:|f[f_1;:|-['__z1] e la=1
=[:] N :l;] B [-Zl\l = {0:5]
="
)

c a-h-t—t:['::l—[;:l-t—[-]]

d 2a+b-c¢ e

{0
E |._-1,|

Note

When adding and subtracting
column vectors, be very
careful with the signs as most
errors are made in that way.

Position vectors

T'he vector 4 is the position vector of 4 in relation to O,

Similarly OB is the position vector of B in relation to O.

Exercise 43.4

1 Find, as column vectors, the position vectors relative to O of P, ( and R.

P

=Q
x0

xR

2 A isthe point (-2, 1), B is the point (4, 3) and C is the point (7, 4).

— —>
a  What are the position vectors (4, 08 and O_C)?

b Work out these column vectors.
o
i AB ii B
¢ What can you say about 4, B and C?

14
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3 A4 isthe point (2, 1), B is the point (4, 4), C is the point (7, 4) and D is the
point (3, —2).
a What are the position vectors Ei @ and a‘:l?
b Work out these column vectors.
—3

- . —_
i 4B i Ch
€ What can you say about A8 and CD?

The magnitude of a vector

The magnitude of a vector is its length.
The magnitude of the vector AR is written as [45].
The magnitude of the vector a is written as |a.

Pythagoras’ theorem can be used to calculate the magnitude of a vector.

The magnitude of the column vector (f] is fxT+ 7. A ;
X

Example 43.8

Question Solution
— — :
o= ;) |cD| = 5% +(-2)
& -J25+4
Find |CD|
in I

= 5.39 to 3 significant figures.
\

Vector geometry

— —
In the diagram, 04 =a, OB = b and OACE is a parallelogram.

AC is parallel and equal to OB, s0 AC = h.
— — —
OC=04+AC=a+h

) . — — —
You can also see in the diagram that OC = 08 + BC =b +a.

This shows thata +b=b + a.

The vectors can be added in either order.

To subtract vectors you use the fact thatp —q=p +i—q).

15
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Whichever route you use, adding the column vectors gives the same result,
2=(])

=4
The fact that the result is the same is a very important rule which, together

with vour knowledge of how to multiply a vector by a scalar, 1s used to find
vectors in geometrical diagrams.

Example 43.9 \
Question p
i — —>

In the triangle ABC, AE=p, AC=q and
D'is the midpoint of BC. A o
Write these vectors in terms of p and q. \/

- —» — q
a BC b 8D € AD c

Solution
- > = —= >
a BC=BA+ AC c AD=AB+ BD
=-p+q =p+iq-p)
—::I;p =P+39-3P
b BD:EBC =]_p+l_q
1 :I z z
-2(‘] P =]E{|’ +q}
“,
Example 43.10
CQuestion

I this diagram, OC=2 x OAand 0D =2 » OB.
— —

Od=aand OB =b.

a Write these vectors in terms of a and b.

— — — —
i OC i OD iii AB iv DC

b What does this show about the lines AB and DC?
Solution
a i OCison the same line as OA, in the opposite direction and twice as long.

— —
OC=-2x04A=-2a
i —» —
ii By the same reasoning as above, OD = -2 « 0B =-2b.

—- = =
ili AB=A0O+OB=-a+b=b-a

- = =
iv DC=D0+ 0C=2b-2a=2{(b-a)

b The vector for DC is twice the vector for AB.
S50 AB and DC are parallel and DC is twice as long as AB.

16
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Key points

® A translation moves every point on an object the same distance,
in the same direction.

* You can use a column vector to describe a translation.
Translate by [';] means move 4 units left and 2 units up.

® Avector has magnitude and direction but can start at any point.

* Multiplying a vector by a scalar (ordinary number) changes its length
but not its direction.

— —> —» —
® |f you know that AB = k x CD, then you know that AB and CD are
parallel and that the length AB is k times the length CD.

* |f you know thatﬁ= k= E then you know that A, Band Careina
straight line (collinear) and that the length of AB is k times the length
of AC.

® To multiply a column vector by a scalar, multiply each compeonent by
the scalar.

* To add or subtract column vectors, add or subtract the components.

—»
® The vector OA is the position vector of A in relation to O.
® The magnitude of a vector is its length.

® The magnitude of the vector AB is written as |AB|.

® The magnitude of the vector a is written as |al.

* Pythagoras’ theorem can be used to calculate the magnitude
of a vector. o
The magnitude of the column vector l:| is X2 + 7.

X

® |n vector geometry, a + b= b + a. The vectors can be added
in either order.

Revision questions

., 5 ., 5
GH=2(p+qd JK=150p+0q

Write down two facts about the geometrical relationship between the vectors GH and K.

XY =3a+2band Z¥ =6a +4b.

Write down two statements about the relationship between the points X, Y and Z.

17
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a parallelogram.
— —
O4=pandOC=q.

+94 74 213 666 FOCUS

Eisthepointon4Bsuchthat 4E: EB = 3: 1.

Find OF, in terms of pand q, inits simplest form.

A E B
P NOT TO
SCALE
q ¢
0
q NOT TO
r SCALE
0 > P

O is the origin, 515=pand ®=q.

OT:TP=12:1

Find the position vectorof T.
Give your answer in terms of p and q, inits simplest form.

18
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NOTTO
b SCALE

PQORS is a parallelogram with diagonals PR and FR intersecting at X'
FQ =aand PS=b.

Find OX interms of a and b.
Give your answerinits simplest form.

0 NOT TO
SCALE

F

m

The diagram shows a parallelogram CDEF.
FE = mandCE = n.

Bisthemidpointof CD.

F4 =24C

Find an expression, interms of m and n, for AB.
Give your answerinits simplest form.

Alinejoins 4(1, 3) to B(5, 8).
Theline AB is transformed to the line PQ.

FOCUS

Find the co-ordinates of P and the co-ordinates of O after 4 B is translated by the vector

)
_2)'

19
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(= e ]

=
S

Y

Draw the image of shape A after a translation by the vector( 8).
-6

-3
Onthe grid, draw the image of triangle A after a translation by the vector ( : )

20
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10.

."A

64 S A e

5. ...................................

P 7] | R - I
A

X

1 3 3 3

Describe fully the single transformation that maps triangle T onto triangle 4 .

11.

Describe fully the single transformation that maps triangle 4 onto triangle B.

21
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12.
v
A
8-.
H 7.‘

Y

Describe fully the single transformation that maps
i)  triangle Aonto triangle B,

i) triangle Aonto triangle C.

1o

Describe fully the single transformation that maps flag A onto flag D.

22



